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ABSTRACT

This volume is a catalog of the spatial and frequency domain

representations of approximately 100 spherical integral transformations,

of which about 85 have an explicitly geodetic interpretation.

The following information is provided (when known) for each

transformation:

- The input and output quantities of the transformation stated in

geodetic nomenclature;

- An explicit analytic double-integral expression for the trans-

formation written in the generally accepted geodetic symbolism;

- An explicit expression for the spectrum of the transformation,

or equivalently the transfer function or gain function as it

would be called in engineering terminology.

- An explicit Legendre series expansion of the kernel of the trans-

formation, and a closed form expression for the expansion;

- Detailed references to the geodetic and mathematical literature

for statements or proofs of the expressions;

- Additional remarks concerning the transformation.

This catalog assembles a rather comprehensive set of results in a

consistent format and notation. - I- ,
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EXPLANATION

Each page of the catalog contains information about a single

spherical integral transformation.

The transformations are ordered primarily according to their
input and secondarily according to their output. Both orderings

basically follow the sequence: geoid height or anomalous potential

(first), gravity anomaly, gravity variation, surface layer density,

gravity disturbance, horizontal gravity disturbance or deflection of

the vertical, gravity gradient tensor components (last).

The following headings briefly describe the items of information

which are provided for each integral transformation (when known).

For a full explanation of the theory, the reader should consult

Volume I of this document.

Transformation: Under this heading appears the name and the explicit

inputs and outputs of the transformation.

The name will be:

- the "classic" name associated with the integral or its

kernel, if such a name exists (e.g. Stokes),

- the name of the author who has derived or published results

about the integral (e.g. Malkin), or,

- the natural extension of a name used in non-geodetic contexts,

especially potential theory, for identical or analogous

ideas (e.g. Neumann).

The explicit inputs and outputs are given in generally accepted*

symbology and nomenclature. The non-standard symbols and names (e.g.

dg and gravity variation) are usually new concepts defined and described

in Volume I of this document. The input is assumed to be known every-

such as Heiskanen-Moritz (1967)
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where on the surface of the sphere, and the output is calculated at

a single point on (or above) the surface of the sphere by a single

evaluation of the explicit form.

Explicit Form: Under this heading appears the analytic representation

of the integral transformation in the spatial domain. In other words,

the explicit functional dependence of the output (at a point) on the

input (over the sphere) is exhibited. Usually the generally accepted*

geodetic symbology is utilized.

If no integration limits appear in the explicit form, the double

integral is to be evaluated over the entire surface of the unit sphere,

in which case the differential surface area element is represented

by do.

The factor 4n, which is the total surface area of the unit sphere,

is always written in the denominator as a normalizing factor under the

differential surface area element. The author has found that this

practice simplifies the transformations and spectra by removing
"extraneous" constants.

The dependence of the input quantity on the two spherical position

parameters and a is not usually indicated. For example, Stokes'

Integral contains only the gravity anomaly symbol Ag in the integrand

rather than the symbol bg(,a). This notational abbreviation, which

is often used in the literature, should not cause any confusion since

it is assumed that the input quantity to the transformation is known

everywhere on the sphere.

Spectrum: Under this heading appears the analytic representation of the

integral transformation in the spherical frequency domain. In mathe-

matical terminology this is the spectrum of the transformation, while
in electrical engineering it is called the transfer function or gain

function. As explained in Volume I of this document, the spectrum is
discrete, having one value An for each spherical harmnic degree n,

where n =0,1,2,...,-. The spectrum is the Legendre Transform of the

kernel of the integral transformation. The exact mathematical relation-

ships are summarized on the first page of Section 1 of this volume.

In many cases, especially when no references are listed, the spectrum

has been de'ived from a "flow diagram" of spectra. Flow diagrams

are described in Section 2 of Volume I of this document.

such as Heiskanen-Moritz (1967)
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Kernel: Under this heading appears the spherical harmonic "decomposi-

tion" or "expansion" of the kernel. This is equivalent to the Inverse

Legendre Transform of the spectrum. Again, the exact mathematical

relationships are summarized on the first page of Section 1 of this

volume.

References and Remarks: Self-explanatory.
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SECT ION 2

GENERAL SPHERICAL TRANSFORMATION

RELAT IONSH IPS

AND

CERTAIN SPECIAL GEODETIC

TRANS FORMAT IONS

2-1
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GENERAL RELATIONSHIPS

TRANSFORMATION:

Input: fI a

Output: fOUT (0,0)

EXPLICIT FORM:

f OUT (0' ) ff !_l ,Co fn ( ,a) d

where do = sing) d da = element of surface area

SPECTRUM:

Cos m a)
xm = (n-m)! P, (cos ) do
n m V (n+m)! n 411

(sin m a

KERNEL:

00n cos mai

4, a) x m(2n+l) (n-m)! Pm (cos 1)
I -n V/(n+m) ! n
n=0 m=0 Isin ma

REFERENCES:

REMARKS:
1i when m =0

R Cm = Neumann Factor = 2 -6 mo) = 1

2when m 0

. The underline denotes a two-dimensional (vector) function.
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SPECIFIC RELATIONSHIPS

ZERO-TH ORDER KERNELS

TRANSFORMATION:

Input: f IN N L)

Output: fo 0  (0,0)

EXPLICIT FORM:

OTffK~o II'

SPECTRUM:

+1
n :f K (cos ) p. (cos 0d-(co s

-1

KERNEL:

K(cOs J) = Xn(2n+l) Pn (coB,)

REFERENCES:

REMARKS:

" Stokes' kernel is the most common example of a zero-th order

kernel.

" The zero-th order kernels are isotropic, or independent of azimuth
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SPECIFIC RELATIONSHIPS

FIRST ORDER KERNELS

TRANSFORMATION:

Input: fIN(,a)

Output: f T)'°

EXPLICTI FORM:

= _ A ,, da

fOUT(0'0) ffKlcos A () IN Ty

SPECTRUM:

+1 2w cosc

2 K(cos )P1 (cos4) d(cosi) A(a) da
-iFnl 0 I sinafi

KERNEL:

[csc

K(cos )A (a) x 1 i (2n+l) p1 (cos }
n=l /n(n+1) 

sin a

REFERENCES:

REMARKS:

It is assumed that the general kernel X(',a) is separable into

radial and azimuthal parts:

,ca) = K(cos )A (a)
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TRANSFORMATION: UPWARD CONTINUATION, POISSON

Input: V(R, P,a) = harmonic function on sphere of radius R

Output: V(r,0,0) = harmonic function at radius r >R

EXPLICIT FORM:

V(r,0,0) if R(r 2 -R 2) d-2 V (R, a) 4
(r -2Rr cos + R3) 4w

SPECTRUM:

[,n+1

KERNEL:

R(r2-S2) n=' IRrnl
r2r23/2 (2n+l) Pn (cos ')

(r -2Rr cos 'P + R ) I (E

REFERENCES:

Heiskanen-Moritz, page 35, equation 1-89.

REMARKS:
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TRANSFORMATION: IDENTITY, DELTA FUNCTION

Input: V(R,4,a) = harmonic function on sphere of radius R

Output: V(R,0,0) = harmonic function at a point at radius R

EXPLICIT FORM:

V(R,0,0) = V2 D(1 V(R,a) do

SPECTRUM:

X =1i-
n

KERNEL:

LIM R(r2 -R 2) (2n+ ) P (Cos 4J)

2D( ) = r+R (r2 _2rRcosW +R2 )3 /2  = (nl n cs

REFERENCES:

REMARKS:

* &2D(I) = 1+2 jn(sin ) VSURFACE

where VSURFACE2 is the surface Laplacian operator.

* The symbol 62D(*) is used to emphasize that this "function" is

not equal to the one-dimensional delta function.
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SECTION 3

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

GEOID HEIGHT AS INPUT
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TRANSFORMATION: INVERSE STOKES, MOLODENSKII

Input: N = T/G = geoid height

Output: Ag = gravity anomaly

EXPLICIT FORM:

A GF N 2 f (N-No do]
G N - 2 7

Agp R LpJ (2 sin)

SPECTRUM:

1-i forn=0

SG 0 for n = 1

n-i for n > 2

KERNEL:

K(cos 6) = 62D(P) + M(4)] = (n-1) (2n+l) P. (Cos ')
n=2

REFERENCES:

Pick-Picha-Vyskocil, page 243, equation 697.

Molodenskii, page 50, equation 111.2.4.

REMARKS:

" M() is the kernel for the transformation from N to dg.

" Equation VIII.4.16 on page 214 of 1,lodenskii is incorrect. It

should read:

1 = - n(2n+l) Pn (cos i)

r
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TRANSFORMATION: TRUNCATED MOLODENSKII

Input: N = T/G geoid height

Output: -g(00) gravity anomaly computed only from data within a

spherical cap of radius 0"

EXPLICIT FORM:

G [ -2 f 0f w (N-NP sin, dt ft
Agp (00) ( N 2 sin2b) 3  4w

0o 0 (

SPECTRM:

1 R0 - 2 for n =0,

n R RiO
(n-1) ------ for n _ 2

KERNEL:

REFERENCES:

Buglia. NASA TMX-72798

REMARKS:

The R 0 0 ) function here equals Buglia's Rn function divided by
eight. This normalization makes the Rn(O0 ) functions analogous

to Molodenskii's Q n(0) functions.
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TRANSFORMATION: RESIDUAL MOLODENSKII

Input: N = T/G = geoid height

Output: 6(Ag)p 0 = residual gravity anomaly due to data outside
spherical cap of radius *0.

EXPLICIT FORM:

G N 2 ir (N-Np sint da d
R0 f - (2 sin )  d3 di7

SPECTRUM:

G Rn (*0)
Xn

KERNEL:

K(cos i) = G ) (2n+l) Pn (COB i)

n=0

REFERENCES:

Buglia, NASA TMX-72798

Lelgemann, OSU Report #239, pages 40-47.

REMARKS:

The Rn(OP0 ) function here equals Buglia's Rn function divided by

eight. This normalization makes these functions analogous to

Molodenskii's Qn (*0) functions.

3-4



TRANSFORMATION: MOLODENSKII ANALOG FOR GRAVITY VARIATION

Input: N - T/G = geoid height

Output: dg = gravity variation

EXPLICIT FORM:

dgp G.-2 (N N p) dor

Rf (2 sin 4w

SPECTRUM:

GX n

KERNEL:

K(cos = (j) = n(2n+l) Pn (COB *1
n=0 formally

REFERENCES:

Heiskanen-Moritz; page 39, equation 1-102; also pages 307-310.

Meissi, OSU Report 151, page 22, equation 3-11.

REMARKS:

The kernel for this transformation is called M(*) by definition.
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I. 4

TRANSFORMATION: MOLODENSKII ANALOG FOR SURFACE LAYER DENSITY

Input: N = T/G = geoid height

Output: i = surface layer density

EXPLICIT FORM:

N (N-N) do
lip RI 2

* SPECTRUM:

G [2n+l) =G (n+1)

n R 2 2

KERNEL:

K(cos wG [- 62(W) +M(.] R Pn (c a

n=O formally

REFERENCES:

Heiskanen-Moritz, pages 236-238.

REMARKS:
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TRANSFORMATION: INVERSE NEUMANN

Input: N - T/G = a id height

Output: 6g = gravity disturbance

EXPLICIT FORM:

F (N-N) dJI
6gp +Np 2 Jf

L (2 sin 7) 3

SPECTRUM:

=G

n  R (n+l)

KERNEL:

K(cos j) = + M(4)] = G (n+l) (2n+l) Pn (cos W)
n0O formally

REFERENCES:

Heiskanen-Moritz, pages 37-39, especially equation 1-100.

REMARKS:
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TRANSFORMATION:

Input: N = T/G geoid height

Output: d2g = generalized gravity anomaly of order 2.

EXPLICIT FORM:

G F _ (N-N) 
(d2g) p  [ Np
2 ) R(2 sin 3 -

SPECTRUM:

G (n+2)

n R

KERNEL:

K(cos [2 + G (n+2) (2n+l) P (cos $)K~o ) 2D()+ ( = R n

n=0 formally

REFERENCES:

Hagiwara, Bull.Geod. 50 (1972), 131-135.

(For the second remark only).

REMARKS:

" This is the same transformation as the one transforming the

quantity (6g/G) into the vertical gradient of the gravity dis-

turbance.

* Based on the reference, it is conjectured that the kernel

K(cos 2) = + cos 0 + 2/(2 sin )
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TRANSFORMATION:

Input: N = T/G = geoid height

Output: Ge = magnitude of horizontal disturbance

EXPLICIT FORM:

G1 ~VSURF.ACEN

where VSURFAC E is the surface gradient operator

SPECTRUM:

1=G _______+i

KER)NEL:

GIs NJ G S (2n+l) pl (cos i) = (2n+l) P1 (Co )
RIVSURFACEI R Vn (.. 1 n R I. n

n=0 n=O

REFERENCES:

Heiskanen-Moritz, page 262, equation 7-37.

Meissl, OSU Report 151; page 13, equation 2-19; page 46, Table i.

REMARKS:

The symbol e represents the total deflection of the vertical in

radians.

3-9



TRANSFORMATION:

Input: N = T/G = geoid height

Output: Ge = horizontal gravity disturbance vector

EXPLICIT FORM:

G = -V NR SURFACE

where V SURFACE is the surface gradient operator

SPECTRUM:

n " n(n+l)

KERNEL:

cos

r- -(n+) (2n+l) P1 (cos )
R SURFACE R O(n+,) n sin a

n=0 cs0

REFERENCES:

Heiskanen-Moritz, page 112, equation 2-203

Meissl, OSU Report 151, page 46, Table 1.

REMARKS:
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TRANSFORMATION:

Input:. N = T/G = geoid height

Output: g- Ag = vertical gradient of gravity anomaly

EXPLICIT FORM:

Ag -G [2N+V2
2= VSURFACE N]R 2

where S A is the surface Laplacian operator.SURFACE

SPECTRUM:

G _ -G .

2 n (n+l) G (n-1)(n+2)
n R 2  R2

KERNEL:

REFERENCES:

Meissl, OSU Report 151; page 44, equation 5-21; page 46, Table I.

Heiskanen-Moritz, page 116, equation 219.

REMARKS:
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TRANSFORMATION:

Input: N = T/G = geoid height

Output: = vertical gradient of surface layer density
ar

EXPLICIT FORM:

ap G N 3 G V2 N

T=-Tn  T - 2" " -7 + SURFACE

SPECTRUM:

G 1 13 1 1
X Ln -Y T - (n +~ n n(n+lj 7- (n +7) (n+2)

KERNEL:

REFERENCES:

REMARKS:

The explicit form has been derived from the spectrum.
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TRANSFORMATION:

Input:. N = T/G = geoid height

aOutput: y dg = vertical gradient of gravity variation

EXPLICIT FORM:

dg + G 2 NSd R -7 SURFACE

SPECTRUM:

G G
n= n - ni~) -Yn n(n+2)

R R

KERNEL:

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: -N -T/G -geoid height

Output: a gq vertical gradient of gravity disturbance

EXPLICIT FORM:

a 9 2 6g + G V2 N

SPECTRUM:

A G -2 (~n(n+l) (n+l) (n+2)
R

KERNEL:

REFERENCES:

REMARKS:

The explicit form has been derived from the spectrum.
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TRANSFORMATION:

Input: N - T/G = geoid height

ad 2g
Output: ar vertical gradient of generalized gravity anomaly of

order two

EXPLICIT FORM:

SPECTRUM:

_ G 2
G (n+2) 2

R

KERNEL:

REFERENCES:

REMARKS:
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TRANSFOPMATION:

Input: N =T/G =geoid height

Output: -T G= vertical gradient of magnitude of horizontal dis-

turbance

EXPLICIT FORM:

SPECTRUM:

A 1 =-G /n~n+l) (n+2)
R

KERNEL:

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: N = T/G geoid height

Output: = (Txz = vertical shear gravity gradients

EXPLICIT FORM:

Txzl G (VNTZ= -G h SURFACE N
Tyzi

SPECTRUM:

1 G

R

KERNEL:

REFERENCES:

REMARKS:
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SECTION 4

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

GRAVITY ANOMALIES AS INPUT
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-- ..... .......... I I I I ! i , ..

TRANSFORMATION: STOKES

Input: Ag = gravity anomaly

Output: N = T/G = geoid height

EXPLICIT FORM:

N=T R f d

N= ~~fS(P) Ag d-r

SPECTRUM:

R0 for n = 0,1

for n > 2

KERNEL:

R S() P2n+1 c
n-i n (Cos

n=2

REFERENCES:

Heiskanen-Moritz, pages 92-98.
Meissl, OSU Report 151, page 22, equation 3-10.

REMARKS:

S( 7f-*= 1 6 sin +1 - 5 cos 0 -3 cos P kn sin + sin 2)~

4-2

4



TRANSFORMATION: TRUNCATED STOKES

Input: Ag = gravity anomaly

Output: N(*0) = geoid height calculated only from data within
a spherical cap of radius '0"

EXPLICIT FORM:

O0 21T

R [ S sin* da d*
N G f f S('F Ag 47

0 0

SPECTRUM:

Qn (40)
0 - -,---- for n = 0,1

n G 1 Qn(0 )

-nOfor n > 2n-i 2

KERNEL:

K (Cos 4)) I (4)') - ('Ffl = L X(2r+l) Pn (cosoF
n=O

REFERENCES:

Heiskanen-Moritz, pages 259-263.

Molodenskii, pages 147-150.

REMARKS:

The Qn('P ) functions are the Molodenskii functions defined in

the references.
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TRANSFORMATION: RESIDUAL STOKES

Input: Ag = gravity anomaly

Output: 6N('0) = residual geoid height due to data outside spherical

cap of radius *0"

EXPLICIT FORM:

7 2 r

6N0 S Ag sin*4dd di

it0 0

SPECTRUM:

R Qn ( 0) -
n= R -2

n

KERNEL:

R g() R 0 (2n
K(cos 1P) = = R -n n Pn (cos 40)

n=0

REFERENCES:

Heiskanen-Moritz, pages 259-263.

Molodenskii, pages 147-150.

REMARKS:

The Qn(t 0 ) functions are the well-known Molodenskii functions

defined in the references. From the above it is seen that they

have a very elegant interpretation in the spectral theory of

geodetic transformations.

4-4



TRANSFORMATION: HELMERT.

Input: Ag = gravity anomaly

Output: i = surface layer density

EXPLICIT FORM:

3 GN =ff 3S() Ag7g+2 R JJL 2 D J 4r

SPECTRUM:

1 for n = 0,1

n 2n +1 for n > 2

KERNEL:

REFERENCES:

Heiskanen-Moritz, pages 236-238.

Pick-Picha-Vyskocil, page 240, equation 685.

REMARKS:
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TRANSFORMATION:

Input: Ag = gravity anomaly

Output: dg = gravity variation

EXPLICIT FORM:

dg = Ag + aN = 2D() + S(O Ag do

SPECTRUM:

1 for n = 0,1

n- for n > 2

KERNEL:

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: Ag =gravity anomaly

Output: 6g =gravity disturbance

EXPLICIT FORM:

6g=Ag + 2 aN =fE 2 e)+ 2S(IP)Ag d

SPECTRUM:

1 fornO= ,1

nl for n> 2

KERNEL:

REFERENCES,

REMARKS:
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TRANSFORMATION:

Input: AR= gravity anomaly on sphere of radius R

Output: 6g r = gravity disturbance at radius r.

EXPLICIT FORM:

6 -ffR DS(r,4,WA d

SPECTRUM:

0 for n 0,1

n {Rn+2 [n1 fr

KERNEL:

K(r, P) =-ar~ I= [! n+2 [n+l} (2n+l) P~ (Cos F

REFERENCES:

Heiskanen-Moritz, page 234, equation 6-39a.

REMARKS:

Heiskanen-Moritz uses the symbol 6r to represent the negative

of the gravity disturbance 6~gr at the radius r. See Heiskanen-

Moritz, page 236, equation 6-50.
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TRANSFORMATION:

Input tg = gravity anomaly

Output: d2g = generalized gravity anomaly of order two

EXPLICIT FORM:

SPECTRUM:

? for n = 0,1

An

n2 for n >2

KERNEL:

REFERENCES:

REMARKS:
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TRANSFORMATION: TOTAL VENING-MEINESZ

Input: Ag = gravity anomaly

Output: Ge = magnitude of horizontal gravity disturbance vector

EXPLICIT FORM:

Ge --ffaSI-A 4

SPECTRUM:

0 for n= 1

Al =
n

n (n) for n > 2n-1

KERNEL:

n-(n+1) (2n+l) P 1(Cos 2p)n+1l (o
-- =n- nn n

n=2 n=2

REFERENCES:

Pick-Picha-Vyskocil, page 273, equation 859

Meissl, OSU Report 151, page 46, Table I.

REMARKS:

Pick-Picha-Vyskocil uses the symbol P1 (cos i) for the functionn
which Heiskanen-Moritz and this treatise denote by Pn (cos ) and

nnwhich isthe negative of our Pn (cos i). Hence i-ih-

Vyskocil has a negative sign in equation 859.
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TRANSFORMATION: VENING-MEINESZ

Input: Ag = gravity anomaly

Output: Ge = horizontal gravity disturbance vector

EXPLICIT FORM:

I f ;I"'1111 1csa Ag da
Gn Isin

SPECTRUM:

0 for n -l

n

/n +1 for n > 2

KERNEL:

a S( fCos al~ 5  /n-(n+l) 2n+1 1 a
I sina n=2 - - n 1 sin

S2n+l P 1 (cos in

n=2

REFERENCES:

Heiskanen-Moritz, pages 111-114.

Pick-Picha-Vyskocil, page 273, equation 859.

Meissl, OSU Report 151, page 46, Table I.

REMARKS:

Pick-Picha-Vyskocil uses the symbol Pl(cos f) for the functionn

which Heiskanen-Moritz and this treatise denote by Pnl(coS *) and

which is the negative of our n (cos *). Hence Pick-Picha-Vyskocil

has a negative sign in equation 859.
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TRANSFORMATION:

Input: Ag = gravity anomaly

Output: aAg = vertical gradient of gravity anomaly
3r

EXPLICIT FORM:

BA 2 [(bg -A p) do

SPECTRUM:

x= - (n+2)

KERNEL:

See Pick-Picha-Vyskocil, page 313, equation 1042.

REFERENCES:

Heiskanen-Moritz, page 115, equation 2-217.

Meissl, OSU report 151, page 46, Table I.
Pick-Picha-Vyskocil, page 313 ff, especially equation 1043

REMARKS:

This is the same transformation as the one transforming N

(geoid height) into d2g (the generalized gravity anomaly

of order two).

4-12



TRANSFORMATION:

Input: Ag = gravity anomaly

Output: 6 = -T vertical gradient of gravity disturbanceOutut: --r =-zz

EXPLICIT FORM:

= Ag
3r -z rr2

where the partial derivative is evaluated at r = R

SPECTRUM:

0 for n = 0,1

(n+2) (n+l) for n > 2R - n-l) --

KERNEL:

-R 32 S(r,= -(n+2)(n+l) ) P (cos @)
3r2

r=R n=2

REFERENCES:

Pick-Picha-Vyskocil, page 313, equation 1038.

REMARKS

An analytic expression for 32 (r,*) is given in Reed, OSU

Report 201, page 71. 
3r2
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TRANSFORMATION:

Input: Ag = gravity anomaly

Output: a Tyz) = vertical shear gravity gradients

EXPLICIT FORM:

T

T yz

. SPECTRUM:

0 for n=l1

n+ in(n+l) for n > 2

KERNEL:

as2  n (r Co l I_ (n+2) pl (cos

r"Isin a n R(n-l (2n+l) n (cn C
r=R n

REFERENCES:

REMARKS:

An analytic expression for S (r,o) is given by Reed OSUa ar isgvnbRedOS
Report 201, page 72, equation 5.36.

4-14

....... . -" " "" mm""m~m mi mm m m m mmimam m ....



TRANSFORMATION:

Input: Ag = gravity anomaly

Output: T xx-Tyy = difference of horizontal stress gradients

Txy = horizontal shear gradient

EXPLICIT FORM:

-Ty o]- f ot [g -CAgP]-!L

2T xy]R 2  ct Isin 24 7

SPECTRUM:

A2 = 1 .(n+2) (n+l)n(n-l) for n > 2nfR n-i

KERNEL:

(2cos 2a 0 cos 2az
1 aS 1as 2n+l 2
Rq2 4 cot, R I n-i n os P)

Isin 2a I n=2 sin 2a

REFERENCES:

Malkin, Gerlands Beitr~ge der Geophysik, 38 (1933), 53-63; in

particular page 56, equations 8 and 8a.

REMARKS:

An analytic expression for a2SW is given in Reed, OSU Report

#201, page 72, equation 5.37.
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SECTION 5

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

GRAVITY VARIATIONS AS INPUT
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TRANSFORMATION: STOKES ANALOG FOR GRAVITY VARIATION

Input: dg = gravity variation

Output: N = T/G = geoid height

EXPLICIT FORM:

N Sd dg-d
N = ff gI)d

SPECTRUM:

0O for n 0
RJ

n
for n > 1

KERNEL:

Sdg() = 2+ p 1(cos )= sin +sin2dg I n n sin
n=l nn2

REFERENCES:

Pick-Picha-Vyskocil, page 476, equation 1555.

REMARKS:

The kernel is closely related to Callandreau's G(') function,
given in Pick-Picha-Vyskocil, page 245, near equation 714.
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TRANSFORMATION:

Input: dg = gravity variation

Output: Ag = gravity anomaly

EXPLICIT FORM:

Ag dg G N ff [6,S)g M] dg da

SPECTRUM:

n-1 1 1

n n n

KERNEL:

E2~ dg(4) n i3P.(ni n (cos P
n0O

formally

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: dg = gravity variation

Output: P = surface layer density

EXPLICIT FORM:

1. dg + GN 0= +() I Sg (*) dg d
R7 fL [62D dg

SPECTRUM:

0 for n = 0
A n = f

n
2n+l 1

I 2n 1 + 7 for n > 1

KERNEL:

62D( W + 1 Sdg(*)] = > (2n+l) 2 P (Cos *) formally

n=l

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: dg = gravity variation

Output: 6g = gravity disturbance

EXPLICIT FORM:

6g = dg + G N =ff [2D(]) +dg
d a

SPECTRUM:

0 forn=0

n

n~l I +for n >1

KERNEL:

)]+ dgn] (2n+l) P (cos :) formally
n=l

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: dg = gravity variation

Output: d2 g = generalized gravity anomaly of order two

EXPLICIT FORM:

d2 g dg + 2 EN ffE2D( + 2 Sdg() dg dc

SPECTRUM:

0n for n = 0

xn

n = 1+ 2-- for n > 1.n

KERNEL:

REFERENCES:

REMARKS:
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TRANSFORMATION: TOTAL VENING-MEINESZ ANALOG FOR GRAVITY VARIATION

Input: dg = gravity variation

Output: Ge = magnitude of horizontal gravity disturbance

EXPLICIT FORM:

=, aSd gM dg do

SPECTRUM:

x 11n /-nn+l- (n>l)

KERNEL:

d (n(n+l) 11ni.p (cos *) = 2 Pcn n -(n+) n (Cs n (o

n=l n=l

REFERENCES:

REMARKS:
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TRANSFORMATION: VENING-MEINESZ ANALOG FOR GRAVITY VARIATION

Input: dg = gravity variation

Output: Ge = horizontal gravity disturbance vector

EXPLICIT FORM:

G+ =  G ff aCosl dCd -
Ge ~ sin ri Ur

SPECTRUM:

A1 ffi (- +-1T(n >i
= = n l) (n >ln n 7

KERNEL:

Sdg(@) I/n OB v'-Tn l 2n+1 P (cos ) 2n + l P l (c Osn

sin n=l n A nn+1 n=1 n (n

REFERENCES:

REMARKS:
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SECTION 6

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

SURFACE LAYER DENSITIES AS INPUT
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TRANSFORMATION: STOKES ANALOG FOR SURFACE LAYER DENSITY

Input: . = surface layer density

Output: N = T/G = geoid height

EXPLICIT FORM:

N R ff
2 11 d

2

SPECTRUM:

R 1 R 2
n Gn 1 G 2n+l

KERNEL:

2 = 2 1 Pn(COS ')
2 sin n0

REFERENCES:

Heiskanen-Moritz, page 237, equation 6-58.
Pick-Picha-Vyskocil, page 239, equation 677.

Meissl, OSU Report #151, equation 3-9.

REMARKS:

The kernel may be called the "reciprocal distance" kernel because

the function 2 sin * is the direct linear distance between two

points on a unit circle separated by a spherical distance (i.e.

central angle) p.
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TRANSFORMATION:

Input: = surface layer density

Output: ?

EXPLICIT FORM:

0 27r=11 ____ _ a) sin 'Fda dO

0 0 / s 0 -cos 4

SPECTRUM:

cos = 1}2 sin 2 (- n 0)n n n+,1n

KERNEL:

for <

K(cos VJ') = - for = 2 sin 2nl -0 2Pn (cos

0 for > ip01 n=0

REFERENCES:

See the complementary transformation on the next page.

REMARKS:

As 0 approaches r, K(cos P) approaches . . However, the

transformation is not the truncated sin

Stokes analog for the surface layer density. (The kernel itself

depends on 0) .
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TRANSFORMATION:

Input: = surface layer density

Output: ?

EXPLICIT FORM:

7r 2n

f f ______p(pa) 4

J0  0 /+Cos 00 -Cos 1P

SPECTRUM:

Cos n +70
n 1 *

n n +

KERNEL:

0 for 4 p
Kcos 12cos(n +)0 Pn(C1os

21 for i > *0  n=O
V+cos O- Cos 4

REFERENCES:

Gradstheyn-Ryzhik, page 1029, equation 8.927.

Abromawitz-Stegun, page 786, equation 22.13.10.

Morse-Feshbach, Volume II, page 1327.

Robin, Volume II, page 312, equation 111.

REMARKS:

As 40 approaches 0, K(cos 4) approaches

However, the transformation is not the sin

residual Stokes analog for the surface layer density. (The kernel

depends on 0
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TRANSFORMATION:

Input: = surface layer density

Output: ?

EXPLICIT FORM:

~da
- f "'i,1 (a >l1

/a - cos a (a

SPECTRUM:

An - exp n + Arccosh a]

KERNEL:

"a-cos0 = 2exp[(n+)Arccosh a]Pn(cos )

n=O

REFERENCES:

Gradstheyn-Ryzhik, page 822, equation 7.225.4.

REMARKS:
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TRANSFORMATION:

Input: fIN(I(,a) = arbitrary input function

Output: fOUT(0,0) = transformed (output) function

EXPLICIT FORM:

fOUT (0,0) =ffK(O, *0)fiN(*, ) -a

where K(*, *0) is defined under "kernel" below.

SPECTRUM:

-n =e in  0 = cos n 0 + i sin n *0

KERNEL:
-exp(-i * 0/2) for 0<4p< p <

/2 (cos i -cos * 0 )

K,0) A = I ein*0(2n+l)Pn (Cos 1

+exp(-i 40/2) n=0
for 0<

V2(cos )0- cos f)

REFERENCES:

Robin, Vol. II, page 313, equation 113.

REMARKS:
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TRANSFORMATION:

Input: v = surface layer density

Output: NANTIPODE = geoid height at the antipode

EXPLICIT YOR:

NANTIPODE ff /r do R U 2 (a) do

G /1+cos ? 2 cos 7

SPECTRUM:

R 2(-l)
n = R (-1) n

n Z; 2n+l Z; In +7

KERNEL:

1+ Cos~ = (_,)n Pn (co s

REFERENCES:

Pick-Picha-Vyskocil, page 476, equation 1546.

REMARKS:
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TRANSFORMATION:

Input: P surface layer density

Output: ?

EXPLICIT FORM:

0 21T

f 2_(,c) sinpdad*=/ / cos* Cos 0  4 7

0 0

SPECTRUM:

sin(n +-)ij0
A 20

n n+1
n+

KERNEL:

fo 2
K(cos fr2sin(n+L) P (Cos

n 2 0 n

0 for * >  n

REFERENCES:

Abramowitz-Stegun, page 786, equation 22.13.11.

Morse-Feshbach, Volume II, page 1327.

Robin, Volume II, page 312, equation 112.

REMARKS:

When 0= I, then K(cos 1 = cos C
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TRANSFORMATION:

Input: = surface layer density

Output: ?

EXPLICIT FORM:

Tr 2 ir

-f f 4iwdcdj
P0 0 Vcos*+Cos*0

SPECTRUM:

(_i) n - sin (n +i) 0 o
n 1 1 0

n+

KERNEL:

0 for <* 0

K(cos*)

1 os + cos 0  for * > *0

REFERENCES:

See the complementary transformation on the previous page.

REMARKS:

When 0= 0, then K(cos +) 1 +

2
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TRANSFORMATION: IDELSON

Input: P = surface layer density

Output Ag = gravity anomaly

EXPLICIT FORM:

- G N = D 1 (,d-
Ag = 11 L2D(P (2 sin~. *c-2 s

SPECTRUM:

0 for n = 0,1

n
n - I 2n-2
n 1 2n+l for n > 2

KERNEL:

2 D(s) 2 (n-l)Pn (cos ') formally

REFERENCES:

Pick-Picha-Vyskocil, page 240, equation 681.

REMARKS:
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TRANSFORMATION:

Input: V = surface layer density

Output: dg = gravity variation

EXPLICIT FORM:

dg 1a G . N M

SPECTRUM:

n T 2n+1
n+

KERNEL:

62D1F I sn~ 
2n Pn (Cos P formally

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: p = surface layer density

Output: 6g = gravity disturbance

EXPLICIT FORM:

6 + 1 N = + 1

= ffL2D~ 2sin]

SPECTRUM:

n = + - 2n+2
n + 1 2n-2

KERNEL:

2D + = 2(n+l) Pn (cos P) formally2 sitn =

REFERENCES:

Heisanen-Moritz, paqe 238, equation 6-60 (related result).

REMARKS:
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TRANSFORMATION: TOTAL VENING-MEINESZ ANALOG FOR SURFACE LAYER DENSITY

Input: P = surface layer density

Output: Ge = magnitude of norizontal gravity disturbance vector

EXPLICIT FORM:

-2 cos -d

(2 sin 471

SPECTRUM:

1 /n '(n+1) (
n (n >)

KERNEL:

-2 cos~(2- 2 rn n(n+l) (2n+1) P1 (cos4) 10 2P I (cos ')
(2 sin )2 (n+ n(n-+ n nn=l n=l

REFERENCES:

Meissl, OSU Report #151, page 46, Table I.

REMARKS:

The explicit form of the kernel is obtained by differentiating
l/sin ?p/2 with respect to *, just as the Vening-Meinesz kernel
is obtained from the Stokes kernel.
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TRANSFORMATION: VENING-MEINESZ ANALOG FOR SURFACE LAYER DENSITY

Input: P = surface layer density

Output: GE = horizontal gravity disturbance vector

EXPLICIT FORM:

fGJ 2 cos~ k :: iiePa da
E = =

G f (2 sin 2Ii

SPECTRUM:

xl=/(n+l) (n > i
n n +n

KERNEL:

2 V- (2- l-2 co s Co s a n(cns) (2n+l) a )P (Co s
(2si ) sin a (n + ) V sn(2 si ) ln l Isin aI s i n  a2 n~ln=1

REFERENCES:

Heiskanen-Moritz, page 238, equation 6-60.

REMARKS:
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TRANSFORMATION:

Input: U.= surface layer density

Output: ?

EXPLICIT FORM:

S2r 2- sin ( sin* d d*

f 0 (-cos 0- cos O) /l4

SPECTRUM:

1 = ,/n(n+l) cos (n + L)1 /n(n+l) F sin 2n+4]2
(n + ) 2n+

KERNEL:

2-
; sin 3 for < 0

(-Cos 0 - Cos P) 3/2 fr]
[2~~ ~ sn lp 1 (Cos ,

0 for ,> 1; nc

REFERENCES:

REMARKS:
2 cosk

As *0 approaches w, K(cosi,) approaches 22 sin212

1 21
However, the transformation is not the truncated Vening-Meinesz

analog for the surface layer density. (The kernel itself depends

on 00.)
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TRANSFORMATION:

Input: p = surface layer density

Output: ?

EXPLICIT FORM:

T 2 7 2- k sin ( sin * dc d *

f f (Cos0 -Cos 3/2 4 4n
*0 0 0

SPECTRUM:

n(n+l) (n + (n > 1)

S n 1 + 1n

KERNEL:

f 0 for -< o 2cos (n + PI(Cos
2-  sin 2 0o n 0

(COs - Cos 3/2 for > n=l

REFERENCES:

Erdelyi, Higher Transcendental Functions, Vol. I, page 166,

equation 3.10.2.

REMARKS: 2 cos2

As ,0 approaches 0, K(cos 0) approaches 2 sin 2 2

However, the transformation is not the residual Vening-Meinesz

analog for the surface layer density. (The kernel depends

on tp.)
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SECTION 7

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

GRAVITY DISTURBANCES AS INPUT
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TRANSFORMATION: NEUMANN, STOKES ANALOG FOR GRAVITY DISTURBANCE

Input: Sg = gravity disturbance

Output: N = geoid height

EXPLICIT FORM:

N !fSg( f, 6 g do

where S6g W is defined in "Kernel" section below.

SPECTRUM:

R 1
n G Cn TlI

KERNEL: (Neumann Function)

wL

Sg n 1 +sin 2+
6 sin . sin n+ 1 n (co s

n=0

REFERENCES:

Heiskanen-Moritz, page 36, equation 1-91.

Pick-Picha-Vyskocil, pages 489-495; page 477, equation 1557.

REMARKS:
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TRANSFORMATION:

Input: 6g = gravity disturbance

Output: Ag = gravity anomaly

EXPLICTI FORM:

6g - 2 a Nf [62D() 2S 6 g(,)]6g d

SPECTRUM:

0 for n=0,1

n-
n-l for n >2

KERNEL:

6 -2Sg = (2n+l) Pn (cos ;)
n= 2

formally

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: 6g = gravity disturbance

Output: dg = gravity variation

EXPLICIT FORM:

dg = 6 g -N = ff [62D( )S6g(,)] 6g-

SPECTRUM:

n S
n +i-T

KERNEL:

[62DW 6 I n (2n+1) Pn (cos W)
n=0

REFERENCES:

REMARKS:

7-4



TRANSFORMATION:

Input: . 6g = gravity disturbance

Output: p = surface layer density

EXPLICIT FORM:

6g -1 G N ff [620) ~S 6g ()]6g d

SPECTRUM:

n
n + 2n+l

ijn =H- 2 7n+1

KERNEL:

( I 1 (2n+l)
* [ ~2D(12 - 6g (i)j = 2(n+l) Pn (cos i)

n=0 formally

REFERENCES:

REMARKS:
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TRANSFORMATION: TOTAL HILBERT

Input: 6g gravity disturbance

Output: Ge = magnitude of horizontal gravity disturbance vector

EXPLICIT FORM:

SPECTRUM:

-n-n+l) -n
n n+l =

KERNEL:

S (6 ) -cos A7 1) (2n+1 ) 1

(sin2 ~]( +sin~J $ n+) Pncs P

(n+l) n
n=l

REFERENCES:

REMARKS:
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TRANSFORMATION: HILBERT, VENING-MEINESZ ANALOG

Input: 6g = gravity disturbance

Output: GE = horizontal gravity disturbance vector

EXPLICIT FORM:

Ge = f a (SgD "

sin al

SPECTRUM:

n n+l =i

KERNEL:

aS6g(l) cos al Ann+ I 2n+l p1 (Cos Cos aI

sna n=l n n(~ Isin a

o

nn+l P (cos f)I NTrn

n=l fcos i

REFERENCES:

REMARKS:

The name of Hilbert is associated with this transformation because

the transformation is the analog of the planar two-dimensional

Hilbert transform.
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TRANSFORMATION:

Input: 6g = gravity disturbance

Output: -
6 = -Tzz= vertical stress f-avity gradient

EXPLICIT FORM:

__ _ 2 l 2 ff ('g -'gp) do3r = R Rg + j 2 sin2i 4--

2

aS (r,*) do

*ff ar2 6g~-

SPECTRUM:

n -~L(n+2)

KERNEL:

REFERENCES:

REMARKS:

This is the same transformation as:

*the one transforming N into d2g,

*the one transforming Ag into a Ag
Dr"
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TRANSFORMATION:

Input: 6g = gravity disturbance

Output: T 6g/ where a = 0 0 = vertical shear gravity(Tzy = adg/a where a 90" gradients

EXPLICIT FORM:

Tzx aiS 6g (r, ) cos 01 6 da

TfYrr f isi4

SPECTRUM:

1 (n+2) rn(n+l)An "g n+l

KERNEL:

REFERENCES:

REMARKS:

By convention, x local north

y 4-- local east

z - local down

r local up
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TRANSFORMATION:

Input: 6g = gravity disturbance

Output: -(Tyy -Txx) = difference of horizontal stress gradients

Txy = horizontal shear gradient

EXPLICIT FORM:

-(Tyy -Txx) _2 (_)cos 2a$ ()d_$6 -cot . 6g 4

2TxyJ R - o sin 2a 47

SPECTRUM:

2 -- l V(n+2) (n+l) n (n-i) for n >2
n R n+l

KERNEL:

Scos2 (2n+l) Ps2 (Cos c) 2

a2  3g( I (n+1) 2

I2 I[sin 2aI= n=2 sin 2a

REFERENCES:

Malkin, Gerlands Beitr~ge der Geophysik, 38 (1933), 53-60, in

particular page 56, equations 8 and 8a modified for 6g in place

of Ag.

REMAPKS:
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SECTION 8

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

THE OUTWARD PARTIAL OF GEOID HEIGHT

OR

OUTWARD DEFLECTION AS INPUT
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TRANSFORMATION: MALKIN

Input: aN/t = Re-(cos a,sin a) outward partial of geoid height

Output: N = T/G = geoid height

EXPLICIT FORM:

N = ff(-cot J) aN do

SPECTRUM:

-vil23:: . ( 2 (n even)

n WnJ _ 1"3"5".. (n) n+1 (n odd)
• ." •(n+l) l n

KERNEL:

-cot (-W) (2n+l) Pn(cos i)n cotco
n=0

REFERENCES:

Pick-Picha-Vyskocil, page 245, equation 713.

REMARKS:

*A fortiori, this transformation must be the same as Callandreau's

transformation, although their equivalence has not yet been proven.

*The Wn are called the Wallis coefficients.

8-2



TRANSFORMATION: CALLANDREAU

Input: aN/4 = outward partial of geoid height

Output: N = T/G = geoid height

EXPLICIT FORM:

N N _____0 DN do
a 7

ORIGIN

where G(40) - -2-3cos4)- Ln (sin k +sin2 2)sin

SPECTRUM:

A = -Wn (a fortiori)

(See Malkin's transformation)

KERNEL:

[-82 D(0) +4-(41)] =-cot formally

REFERENCES:

Pick-Picha-Vyskocil, page 245, equation 714.

REMARKS:

si +O 22 si [-7+212nsin-T7- (2 sin 2 )(1+sin 2
) -1-2 sinT-2 sin
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-.TRANSFORMATION:

Input: *N/a = outward partial of geoid height

Output: NATIPODE = geoid height at the antipode

EXPLICIT FORM:

N ff!tn 3Nd
ANTIPODE = tan 4

SPECTRUM:

+W for n even
n In

-W for n odd

KERNEL:

GO

tan = (_i)n Wn (2n+l) Pn (cos 4)

n=O

REFERENCES:

Pick-Picha-Vyskocil, page 245, equation 712.

REMARKS:
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TRANSFORMATION:

Input: WNO outward partial of geoid height

Output: - E [N - NANTIPOD]

EXPLICIT FORM:

[N -NANTI PODE] = ffTfJ WN do7

SPECTRUM:

1W for n even
in

0 for n odd

KERNEL:

= [2(2k)+i] W2k P2k (Cos J)
k=0

REFERENCES:

Pick-Picha-Vyskocil, page 245, equation 710.

Gradshteyn-Ryzhik, page 1027, equation 8.921.3,
page 1029, equation 8.925.4.

Robin, Vol. II, page 310, equation 98.

Morse-Feshbach, Vol. II, page 1326.

REMARKS:
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TRANSFORMATION: MOLODENSKII #2, MALKIN

Input: a Ag/a - outward partial of gravity anomaly

Output: Ag = gravity anomaly

EXPLICIT FORM:

Ag ~f(-cot~ A do

SPECTRUM:

KERNEL:

-cot = (-W n ) (2n+l) Pn (coS )

n=O

REFERENCES:

Pick-Picha-Vyskocil, page 245, equation 714 .

REMARKS:

This is the same transformation as the one transforming aN. N
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TRANSFORMATION: MIGAL

Input: 9Ag/3i = outward partial of gravity anomaly

Output: N = geoid height

EXPLICIT FORM:

N R ff2 N(f) a da

where () =} f S(?P')sin *I'd'
SPECTRUM: 

0

_ 0 for n = 0,1

nA
nnR-W for n > 2

KERNEL:

REFERENCES:

Pick-Picha-Vyskocil, page 279, equation 892.

Migal, C.R. Acad. Sci. USSR, 16 (1937), page 169 ff.

REMARKS:

An explicit expression for 0(*) is given in Pick-Picha-Vyskocil,

page 478, equation 1574.
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TRANSFORMATION: MAGNITSKII

Input: aN/ao = outward partial of geoid height

Output: Ag = gravity anomaly

EXPLICIT FORM:

ag = aff [-tan 1P + 1 (3 1f aN do
R T2 sin! J 2J

SPECTRUM:

x (n-1) W
n R n

KERNEL:

REFERENCES:

Pick-Picha-Vyskocil, page 246, equation 719.

Molodenskii, page 52, equation 111.2.11.

REMARKS:

8-9



* TRANSFORMATION:

Input: DN/3* = outward partial of geoid height

*Output: dg =gravity variation

EXPLICIT FORM:

S?ECTRUM:

G n
n Rn

KERNEL:

REFERENCES:

REMARKS:

Wn=0(1/n). Hence Lim X 1
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~.b. * I q t h I I., a I u i I I I u u u u n ., = . . .

TRANSFORMATION:

Input: DN/34P = outward partial of geoid height

Output: v = surface layer density

EXPLICIT FORM:

SPECTRUM:

KERNEL:

REFERENCES:

REMARKS:
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TRANSFORMATION:

Input: 3N/a = outward partial of geoid height

Output: 6g = gravity anomaly

EXPLICIT FORM:

6g =  jj tan 1 + do

SPECTRUM:

=G

n  R (n+ l) Wn

KERNEL:

REFERENCES:

REMARKS:

The explicit form is derived from the explicit forms for Ag and

N in the equation 6g = &g + -GN.

-
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TRANSFORMATION:

Input:. aN/l = outward partial of geoid height

Output: Ge = magnitude of horizontal gravity disturbance vector

EXPLICIT FORM:

G[ -2 aN do
Ge= ff 2 D2 41R (2 sin 7 )

SPECTRUM:

1 G r- G
n - /n(n+l) Wn  -R

KERNEL:
OD

-2 a N -W "n(n+l) (2n+l) P1 (cos )

(2 sin 2 2  
cot ) n l n(Co

(2 l

- Y (-Wn ) (2n+l) Pl (cos i)n n
n=l

REFERENCES:

REMARKS:

It can be shown that the even and odd values of W bracket the

quantities i//n(n+l) more and more closely with increasing n,

and that [1 - /nTn-+) Wn  = + 0 for even n.
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SECTION 9

SPHERICAL GEODETIC TRANSFORMATIONS

WITH

MISCELLANEOUS INPUTS
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TRANSFORMATION: INVERSE VENING-MEINESZ, MALKIN

Input: (G or Gn) = one horizontal disturbance component

Output: Ag = gravity disturbance

EXPLICIT FORM:

Ag = ff 2i + cot (GE) --

Ag = ff 21 CO 7  - + cot G)1

S M (1 +sin

SPECTRUM:

0 n = 0,1

n

n-il) for n > 2

KERNEL:

-os + (2n+l) P1 (Cos ,)
2 sin2  (l +sin 2] n (n-i) n+1)

REFERENCES:

Pick-Picha-Vyskocil, page 246, equation 717.

Malkin, Gerlands Beitrige der Geophysik, 38 (1933), page 60,

equation 15.
Meissl, OSU Report #151, page 46, Table I.

REMARKS.: - sin 3

The kernel is equal to where K(*) = 1 + nI 2T sin 1 +sin

Malkin's function. Note that the last two lines on page 59

of Malkin's article are in error.
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TRANSFORMATION:

Input:. a3/ar = vertical gradient of surface layer density

Output: N = geoid height

EXPLICIT FORM:

N L± ff [+l 2 sin-co s ipn (I + csc !~~do

SPECTRUM:

x R2  -

x~w(n +j-) (n +2)

KERNEL:

1- 2 sin -cos in (1+ csc -2 P (cBJ,
2 T~n-+2T Pn (

n= 0

REFERENCES:

Pick-Picha-Vyskocil, page 476, equation 1552.

REMARKS:
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TRANSFORMATION: MORITZ

Input: 36g/r= -Tzz = vertical gradient of gravity disturbance

Output: N = geoid height

EXPLICIT FORM:

N = ffMORITZ*) - r do

where SMORITZ(J) = (4 -12 sin 2 )n(l+csc )-6+12 sin IIJ

SPECTRUM:

R2  (-1)
n G - (n+l) (n+2)

KERNEL:

S I - (2n+l )
SMORITZ( ) = (n+l) (n+2) Pn (cosp)

n=0

REFERENCES:

Moritz, OSU Report #92

Schwarz, OSU Report #242, pages 6 & 7, equations 2.5 and 2.6.

REMARKS:

Schwarz states that the effect of the remote zones in this trans-

formation is stronger than in Stokes' Integral.
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TRANSFORMATION:

Input: 36= outward partial of gravity anomaly

a = tangential partial of gravity anomaly

Output: Ge = horizontal gravity disturbance vector

EXPLICIT FORM:

* JGJ ff co Isinfl 1d
Ge = GJ ~ j''snIoclcots d

SPECTRUM:

KERNEL:

REFERENCES:

Pick-Picha-Vyskocil, page 260, equation 793.

REMARKS:
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TRANSFORMATION:

Input: T , T yy= horizontal stress gradients

Output: -Tz = vertical gradient of gravity disturbance

EXPLICIT FORM:

=-T = T + T -G( +

SPECTRUM:

KERNEL:

REFERENCES:

Heiskanen-Moritz, page 117, equation 2-221.

REMARKS:

Coordinate system convention:

x - local north (a =0)

y local east (c =90*)

z - local down

r local up
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TRANSFORMATION: INVERSE OF RADIAL LAPLACIAN

Input: v 2  T =T -(T +T )- 2 TRADIAL rr zz xx yy SURFACE

Output: T = anomalous potential

EXPLICIT FORM:

sin RADIAL

SPECTRUM:

for n =0

Xn R

I + for n >1

KERNEL:

2 En 1 1 + n+l Pn (cos 1
n=l

REFERENCES:

Malkin, Gerlands Beitrige der Geophysik, 38 (1938), page 63, equation 18.

(Note that Malkin's symbol T represents our V2 T).RADIAL "

Meissl, OSU Report #151, page 12, equation 2-15; page 22, equation 3-12.

Robin, Vol. II, page 311, equation 104.

REMARKS:

Note that 2 Ln = - cot

9-7n
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)1

TRANSFORMATION: M.ALKIN

Input: V 2IA T Tr +T~

Output: Ag

EXPLICIT FORM:

g ffKMAKI(IJ)(RADA T4wd

.. 3
11

where 1 + siin _ThereAKMALKIN) sinO + ALKN

SPECTRUM:

0 for n =0,1

g R
n  n-i

+ I for n >2

KERNEL:

KMALKIN() = (n (2n+l)Pn (Co

n=2

REFERENCES:

Malkin, Gerlands Beitrage der Geophysik, 38 (1933), page 59,

equation 14.

REMARKS:

There are several errors on page 59 of Malkin's paper. After

equation 14, the last of the three summations in the definition

of the K functions should have a factor of two. And the last

two equations on the page are erroneous.
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SECTION 10

SPHERICAL MATHEMAT ICAL TRANSFORMAT IONS
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TRANSFORMATION: AVERAGING OVER A SPHERICAL CAP

Input: f(,a) = any quantity

Output: T = average of f( ,a) over a spherical cap of spherical

radius *0

EXPLICIT FORM:

0 2r

f-f f 2 ~ in pdc d iI -Cos_ 0 fl a) 4si dd

030

SPECTRUM:

1 1 P n-i (Cos0 - Pn+l (cos *0
)

n =-cos 0 f Pn (i -cos 0 ) (2n+l)
cos *0

where P-1 (cos *) 1 (i.e., X0 = 1)

KERNEL:

2 for < 101 -CosP 0

K(cosJ) 0

REFERENCES:

Meissl, OSU Report #151, page 23, equation 3-14

Gradshteyn-Ryzhik, page 794, equation 7.111.

REMARKS:

" The surface area of a spherical cap of spherical radius is( -Cos 0. 47r. Hence, the form of the kernel.

" The spectrum An = 0(n-3/2
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TRANSFORMATION: AVERAGING OVER SPHERICAL RING

Input: f(,a) = any quantity

*1

Output: f = average of f(*,a) over the spherical ring having inner
I@0 radius P0 and outer radius

EXPLICIT FORM:

'P'l *12
f f 2 f(P, a) sin *dda d*
= .' cos* 0 -cos* 1  4 71

W0  10 0

SPECTRUM:

cos 0

n = cos Ios f Pn (x) dx =
cos 1

fPn+l (COS 4)Pn+l (cOS*l)J - jPnl (Cos 0 P -nl (Cos *)
(cos *0- Cos ti) (2n+l)

KERNEL:
0 for < 40

K(cos*) Cos 90 Cos for

0 for * <

REFERENCES:

REMARKS:

The surface area of a spherical ring having inner radius *0 and
outer radius q1 is

[Cos * 0- Cos *1}Tr

Hence the form of the kernel.
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TRANSFORMATION:

Input: fi (INa)

Output: fuUT (00)

EXPLICIT FORM:

fOUT = n fIN(, a) -w

SPECTRUM:

(1 n 2) for n 0

A n = 1 for n even and non-zero

0 for n odd

KERNEL:

g 1 I (1-In2) + . 2(2k) +1 , 2(Co
nsin i (2k)(2k+l) 2k

k=

REFERENCES:

Robin, Vol. II, page 311, equation 106.

REMARKS:

Since 2n(i/sin 4) = -tn(sin P), the spectrum associated with the

kernel Zn(sin 0) is the negative of spectrum shown above.
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TRANSFORMATION: DIRECT DISTANCE KERNEL

Input: fiNl(,a) = unknown input function

Output: fOUT = resulting output function

EXPLICIT FORM:

f = i do
ROUT ff(2 sinI) iN d)

SPECTRUM:

1

-2 2
12 3n (2n+l) 2(n _) (n+y) 2(n -2)

KERNEL:

(2 sin ) = (Cos P(COS p)
(n + (n _3)n=0

REFERENCES:

Meissl, OSU Report #151, page 22, equation 3-13.

REMARKS:

The kernel (2 sin!) equals the direct linear distance between two

points on a unit sphere separated by a spherical distance (i.e.,

central angle) P.
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TRANSFORMATION:

Input: fIN (*J,a)

Output: fOUT

EXPLICIT FORM:

Sf( -Cos ) 1 +cos f) d)

fOUT DfIN 4 7-1

where Re a >0 and Re 8 >0.

SPECTRUM:

2 a+a-2r(a r(B) F (-n,n+l,a; 1,c+8; 1)Xn r (a+s) "' 32

KERNEL:

REFERENCES:

Erdelyi (Transforms), Vol. II, page 276, equation 16.1.16.

REMARKS:

A collection of formulas for the explicit evaluation of the 3F2

function with unit argument as well as further references to the

literature is given in section 5.2.4 of Luke, Mathematical

Functions and Their Approximations, Academic Press, 1975

(page 163 ff).
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TRANSFORMATION:

Input: f (9 ' C)IN

Output: fOUT

EXPLICIT FORM:

fOUT= ff(sin 2) 2 2 (cos

where Re a >0 and Re 8 >0.

SPECTRUM:

X Fr(a) r(8) F (-n,n+l,a; i,a+S; 1)Xn 3 F1+)32

KERNEL:

REFERENCES:

Erdelyi (Transforms), Vol. II, page 276, equation 16.1.16.

REMARKS:

A collection of formulas for the explicit evaluation of the 3F2

function with unit argument as well as further references to the

literature is given in section 5.2.4 of Luke, Mathematical
Functions and Their Approximations, Academic Press, 1975

(page 163 ff).
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TRANSFORMATION : NEUMANN-STIELTJES

Input: fIN ( ' a)

Output: fOUT

EXPLICIT FORM:

lOUT ff(1 cos q)Y IN ) _4

where y >-3/4

SPECTRUM:

2 Y(I.,) 2 (- 1 ), 2y 1 (n-y-l)in T y--n) I(y+n+l) I (-y-l)! I n+-y+l)! -

KERNEL:

REFERENCES:

Robin, Vol. II, page 309, equation 93.

REMARKS:

Note that (1 -cos J) 2 sin2 j
2
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TRANSFORMATION:

Input: fIN (OPa)

Output: fOUT

EXPLICIT FORM:

f ff(1 +Cos f 4,C do
OUT N Ts,

where y >-1

SPECTRUM:

An = (y-n)lI(y+n+l :

KERNEL:

REFERENCES:

Robin, Vol. II, page 309, equation 94.

Erdelyi (Transforms), Vol. II, page 316, equation 18.1.15.
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TRANSFORMATION:

Input: fIN P ' )

Output: fOUT

EXPLICIT FORM:

fOUT = h f(Ou} -

SPECTRUM:

W 0  for n =0

X n 0 for n even and non-zero
n _Wn

n2 for n odd

KERNEL:

W k+1
"I = -(o ,S (2k+2 (2(2k+i) +] 2k+ (co

2 k-0 (2k+1) 22+

REFERENCES:

Gradshteyn-Ryzhik, page 1029, equation 8.925.1.

REMARKS:

W is the Wallis coefficient.
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TRANSFORMATION:

Input: fIN( 4ua)

Output: fOUT

EXPLICIT FORM:

f O ffarcsin (cos ) fin (4C) d
OUT JJff ~ ' IN 4 it*

SPECTRUM:

0 for n even

n w
n for n odd

KERNEL:

arcsin(cos ) = W2k+l [2(2k+l)+i] P2k+ (cos
S(2k+l)(2k+2T k)

k=0

REFERENCES:

Gradshteyn-Ryzhik, page 825, equation 7.249.1.

Robin, Vol. II, page 311, equation 101.

REMARKS:

arcsin(cos) = w S2k[P2k+l(coSl) -P2k-l(Cos )]

k=O
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TPANSFOR1MATION:

Input: fIN (0,a)

Output: fOUT

EXPLICIT FORM:

fOUT ff Isin I N)

SPECTRUM:
1 for n 0

Wn
nn)_n+2 for n even and non-zero

n (n-i) (n+2)

0 for n odd

KERNEL:

w|

sin* 4 2k [2(2k)+i] 2k (cos 4)~k-l

Gradshteyn-Ryzhik, page 1028, equation 8.922.5;

page 1029, equation 8.925.2.

Robin, Vol. I, page 27-30; Vol. II, page 309, equation 
97.

REMARKS:

The Wn are the Wallis coefficients.
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TRANSFORMATION:

Input. f IN(uCO

Output: f OUT

EXPLICIT FORM:

rr 2y3
f jJsin) fIN~,)l where y>

SPECTRUM- , y(nv) (n-i

I "1(--)I .' for n even

n

_______ I0 for n odd
KERNEL:

REFERENCES:

Robin, Vol. II, page 309, equation 96.

REMARKS:

If y is integral, the A nare zero for n >y.

If 1 he A Wn fon even and fN ='~a
If 2 ,thn - n IN' OUT

- T(N -N ANTIPODE)*

See this transformation for further references.
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TRANSFORMATION:

Input: f IN OP, C)

Output: f OUT

EXPLICIT FORM:

N Jcos N dco
TOUT =If (sinp)N I llsinN J o

SPECTRUM:

for n # N

AN =
n 1

{-I)N 1 -4 for n = N

KERNEL:

(sin )N (-1)N 2 NN+ N(-)N 2NN! (2N+I} (NN) ! PN

(sn-TYNWTF PN (coB s2+)'2) (2 (N+N)I N (Cos )

REFERENCES:

Magnus-Oberhettinger (1949), page 64.

REMARKS:
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TRANSFORMATION:

Input: f IN( ,)
INJ

Output: fOUT

EXPLICIT FORM:

* 0 2 7r1

fOUT f cos*fiN(*,a) sin idadp

0 0

SPECTRUM: !sinp 0

0- for n = 0

=j1 -cos 3 0Cfor 
n = 1n 6

n sin 01

KERNEL: 2(n-) (n+2) s i n 0Pn(Cos ) + Cos 0oPn (cos ;O)1  for n >2

REFERENCES:

Gradshteyn-Ryzhik, page 795, equation 7.121.

REMARKS:

Even though the function Pn(cos% ) appears in the spectral coef-

ficient, the spectrum stated above is the spectrum of the zeroth

order only.
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TRANSFORMATION: DIRICHLET

Input: fIN ( 4) a )

Output: fOUT

EXPLICIT FORM:

fOUT= ff(cos )Y fIN('a where >-i --

SPECTRUM:

Y1 sin rl 2Yi2 I

KERNEL:

REFERENCES:

Robin, Vol. II, page 308, equations 87 and 88.

REMARKS:
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TRANSFORMATION:

Input: f (*,a )

Output: fOUT

EXPLICIT FORM:

fOUT ffsgn (cos 4) fIN (*,a) -q

SPECTRUM:

0 for n even

n
n-i

(-1) (n-2fl1
I2l [ )! for n odd

KERNEL:

REFERENCES:

Robin, Vol. II, page 308, equation 92.

REMARKS:
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TRANSFORMATION:

Input: fIN (W ' u)

Output: fOUT

EXPLICIT FORM:

fOUT fJPN(cos ) fIN ( ' )*

SPECTRUM:

0 for n N

n

for n = N

KERNEL:

(Cos 0 2n) (2n+l)P (cos s)

n=0

where 6nN is the Kronecker delta

REFERENCES:

REMARKS:
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TRANSFORMATION: ADAMS-NEUMANN

Input: fIN (4u,0)

Output: fOUT

EXPLICIT FORM:

ff do
f (Cos (CO fl Pf o f a)!-
OUT p qI

where p and q are non-negative integers

SPECTRUM: 1A A A p+q+n even
1 s-p As- s- when p<q+n

Sq<p+n
n<p +q .

Xn (p,q) 
=

0 otherwise

where s = (p +q +n)/2 and As  (2s-1!

KERNEL:

REFERENCES:

Robin, Vol. II, page 307, equations 85 and 86.

REMARKS:
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TRANSFORMATION:

Input: f (I ')

Output: fOUT

EXPLICIT FORM:

2m  f(m + )sin
OUT iS .[1+ h2 s ]m+- fIN (  

47
)

r [L) I + h2- 2h cos M +t sin ma

SPECTRU.:

- hn

n+m 2(n+mF)+i

KERNEL:

2 =m cosm cosmc

2 m (m + )sinm C os s l a IC s u M al

r[31~2~hcsp]n+ sin ma~ n=O h nP+m(CS )sin mI

REFERENCES:

Morse-Feshbach, Vol. II, page 1326.

REMARKS:
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